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Abstract 

A-graph systems are labeled Bratteli diagram with shift operations. They present 
subshifts. Their matrix presentations are called symbolic matrix systems. We define 
skew products of A-graph systems and study extensions of subshifts by finite groups. 

We prove that two canonical symbolic matrix systems are G-strong shift equivalent if 
and only if their presented subshifts are G-conjugate. G-equivalent classes of subshifts 
are classified by the cohomology classes of their associated skewing functions. 
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1 Introduction 

Let S be a finite set, called an alphabet. Each element of S is called a symbol or a label. 
Let be the compact Hausdorff space defined by the infinite product space HS-oo 
where Sj = S, endowed with the product topology. The homeomorphism a on given 
by a{(xi)i^z) = ixi+i)i^z is called the (full) shift. Let A be a shift invariant closed subset 
of i.e. (t(A) = A. The topological dynamical system (A, (t|a) is called a subshift. We 
denote (t|a by a and write the subshift as A for short. A subshift is often called a symbolic 
dynamical system. For an introduction to the theory of symbolic dynamical systems, see 
m and m- Throughout the paper, and N denote the set of all nonnegative integers 
and the set of all positive integers respectively. 

Let G be a finite group. Let A = be an A x A matrix with entries in 

nonnegative integers which is called a nonnegative matrix. The matrix defines a finite 
directed graph Ga with A vertices such that the number of the edges from vi to Vj is 
A{i,j) for i,j = 1,..., A. Let Ea be the edge set of the graph Ga- The shift space Aa 
for the matrix A is defined as the set of biinhnite sequences of concatenating edges in 
Ea- It is a compact subset of E^ with shift homeomorphism a written a a- The subshift 
{Aa,(ta) is called the shift of finite type dehned by the nonnegative matrix A. It is also 
called the SET obtained from the directed graph Ga- Actions of finite groups on SETs 
have been studied by many authors related to extensions of SETs (cf. [T], [2], [3], [4], [5], 
[28], etc.). W. Parry showed how to define extensions of SETs by finite abelian groups and 
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Theorem 1.1 below. Suppose that a map d. : —>■ G is given. Through the map d, the 

matrix A defines an x matrix over the semigroup ring Z+G over G. The function 
—)• G defined by T^{{xn)n&) = d{xQ) € G for {xn)nez S A^ yields the skew product 
(G K Aa,T£ X a a) written which is an SFT with a continuous G-action commuting 

the shift. The function ti is called a skewing function. Conversely, any SFT having a 
continuous G-action commuting with the shift is constructed by this way. An SFT with a 
continuous G-action with commuting the shift is called a G-SFT. The following theorem 
was presented in Boyle-Sullivan’s paper [2] as a Parry’s result. 

Theorem 1.1 ([21 Proposition 2.7.1]). Let A and B he nonnegative matrices. Suppose 
that maps dA ■ Ea —>■ G and ds '■ Eb —>■ G are given. Let : A^ —> G and Tig : Ab —>■ G 
be the associated skewing functions. Then the following are equivalent: 

(1) A^^ and are strong shift equivalent over Z+G. 

(2) There is a topological conjugacy <P : Aa Ab such that is cohomologous to 
Tig oT> in C{Aa,G). 

(3) There is a topological conjugacy between G-SFTs and commuting with 

the G-actions. 

In this paper, we will generalize the above results on SFTs to general subshifts. 
The author has introduced notions of A-graph system and symbolic matrix system as 
presentations of subshifts m)- They are generalized notions of A-graph (= labeled 
graph) and symbolic matrix. A A-graph system £ = (P, E, A, t) consists of a vertex set 
V = Po U Pi U P 2 U • • •, an edge set E = Eq^ U F1i, 2 U Fi 2,3 U • • •, a labeling map X : E ^ T, 
and a surjective map t(= tz,z+i) : Pz+i —)• Pz for each I = 0,1,... with a certain com¬ 
patible condition. A symbolic matrix system (Ad,/) over S consists of two sequences of 
rectangular matrices (Adz,z+i, /z,z+i)) ^ = 0, 1 ,.... The matrices A4z,z+i have their entries 
in formal sums of S and the matrices /z,z-i-i have their entries in {0,1}. They satisfy the 
commutation relations: /z^z+iAlz+i,z +2 = Alz,z-i-i/z+i,z +2 for / = 0,1,.... It is required that 
each row of /z,z-i-i has at least one 1 and each column of /z,z+i has exactly one 1. A A-graph 
system naturally arises from a symbolic matrix system (Ad,/). The labeled edges from 
a vertex u- € Pz to a vertex G Pz+i are given by the (i, j)-component Adz,z+i (lj) of 
Adz,z+i. The map z,(= z,z,z+i) is defined by = v\ precisely if /z,z+i(i, j) = 1- The 

A-graph systems and the symbolic matrix systems are the same objects and give rise to 
subshifts by gathering label sequences appearing in the labeled Bratteli diagrams of the 
A-graph systems. Let us denote by A^ the subshift presented by the A-graph system £. 
Conversely we have a canonical method to construct a A-graph system and a symbolic ma¬ 
trix system from an arbitrary subshift [18]. They are called the canonical A-graph system 
and the canonical symbolic matrix system for subshift A and written as and (Ad^, /^) 
respectively. 

Let G be a finite group. We call a subshift (A, a) a G-subshift if there exists an action 
of G on A which commutes with the shift a. G-subshifts (A, a) and (A', a') are said to be 
G-conjugate if there exists a topological conjugacy between them commuting with their G- 
actions. For a given function r : A ^ G, we may consider a subshift A^’’^ as an extension 
of A by r, and know that the subshift A®’'’’ is a G-subshift. The extension A^''^ is also 
called a skew product of A by r and written (G x A, r x cr). Conversely, we may show 
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that any G-subshift A is of the form for some continuous function t : A ^ G. Let 
T : A ^ G and r' : A' —>■ G be continuous functions. Then it is easy to see that there exist 
a topological conjugacy : A —)■ A' such that r is cohomologous to t' o ^ if and only if 
there exists a topological conjugacy between G-subshifts A^’’^ and commuting with 

their G-actions. 

For a A-graph system £ = {V^ E, A, i) and a finite group G, suppose that a map 
£ : S —)■ G is given. We may define a A-graph system as an extension of £ by i, 
and show that the A-graph system £^’^ has a G-action. A A-graph system with G-action 
is called a G-A-graph system. We will know that a characterization of G-A-graph system 
(Theorem 14.3p . We show the following: 

Theorem 1.2 (Theorem l5.6p . For a X-graph system £ = (V, E, A, i) and a map £ : S —>• G, 
the subshift A^a/ presented by the G-X-graph system becomes a G-subshift whieh is 
G-eonjugate to the skew produet G x A^ defined by the function Te{{xn)nez) = pxo) for 
{xn)nez e Afi; that is 

(A^g,^, ) = (G K A<^,ti> K crp). 

Let (A4,I) be a symbolic matrix system over E. Suppose that a map £: E G is 
given. Then (A4,I) is naturally regarded as a symbolic matrix system over Z+G through 
the map £, denoted by We may give a definition of properly G-strong shift 

equivalence between two symbolic matrix systems over Z_|_G. We will prove the following 
theorem as a main result of the paper. 

Theorem 1.3 (Theorem 16. 121) . Let G he a finite group. Let £ and £' be X-graph systems 
over S and S', respectively. Let (Ad,/) and (Ad',/') be their associated symbolic matrix 
systems, respeetively. Suppose that maps / : S —)■ G and : S' —)■ G are given. Let 
(Ad^,/) and (Ad'^ ,/') be their symbolie matrix systems over'Lj^G through the maps £ and 
£' respeetively. Consider the following three conditions: 

(1) and (Ad'^ ,/') are properly G-strong shift equivalent. 

(2) There exists a topologieal eonjugacy ^ : A^ —)■ A^/ sueh that T£ is cohomologous to 
T£i oF in G(A£, G). 

(3) The G-subshifts A^g/ and A^,c,i' are G-conjugate. 

Then we have 

(1) ^ (2) ^ (3). 

If in partieular, £ and £' are both the canonical X-graph systems, we have (2) => (1). 

The equivalence between (2) (3) is easy. The other two implications (1) (2) 

and (2) (1) for the canonical A-graph systems are the main ingredients of this paper 

which will be proved in Section 6. 

We will finally present an example of an action of a finite group to a A-graph system 
which presents a nonsofic subshift called Dyck shift D 2 , and study G-conjugacy classes 
of extensions of Markov-Dyck shifts to give examples of extensions of non sofic subshifts 
which are not G-conjugate (Corollary 17.61 Proposition I7.7p . 
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2 Preliminaries 


2.1 Subshifts 

Let (A, cj) be a subshift over S. A finite sequence ^ = {fii,fj,k) of elements fij G S is 
called a word. We denote by \fj,\ the length k of fi. A word jjL = (/ii,is said to 
appear in x = (xj)igz G if Xm = = Mfc for some m G Z. For a subshift 

A, we denote by Bk{A) the set of all words of length k appearing in some x G A, where 
Bq{A) denotes the empty word. We set i?*(A) = U^Qi?A:(A). Let us denote by A"'' the 
shift space of the right one-sided subshift for A which is defined by 

A — {(^n)n€N I (^n)n€Z £ A}. 

For X = (xn)nGN ^ A+ and I G Z+, the /-predecessor set F^“(x) for x is defined by 
rr(®) = e -B/(A) I (^i,...,^z,xi,X 2 ,...) G A+}. 

2.2 A-graph systems 

A A-graph system is a graphical object presenting a subshift ([IS]). It is a generalization 
of a finite labeled graph and has a close relationship to a construction of a certain class 
of C'*-algebras ([l9|). Let £ = (V,E,A,/,) be a A-graph system over S with vertex set 
V = and edge set E = Ui^z+Ei^i+i with a labeling map A : FI —> S, and that 

is supplied with surjective maps t(= : Vi+i —> V/ for I G Z+. Here the vertex sets 

Vi,l G Z+ are finite disjoint sets. Also Ei^i^i,l G Z+ are hnite disjoint sets. An edge e 
in Ei^i^i has its source vertex s(e) in V) and its terminal vertex t{e) in respectively. 
Every vertex in V has a successor and every vertex in Vi for I G N has a predecessor. It is 

then required that there exists an edge in E; with label a and its terminal is u G V)+i 

if and only if there exists an edge in Ei-ij with label a and its terminal is l{v) G Vj. For 
u G V)_i and v G V)+i, put 

E\u, v) = {eG Eij+i I t{e) = v, x(s(e)) = u}, ( 2 . 1 ) 

E,{u,v) = {eG Ei_ij I s(e) = u,t{e) = (2.2) 

Then we require a bijective correspondence preserving their labels between E‘'{u,v) and 
E^{u,v) for each pair of vertices u,v. We call this property the local property of A-graph 
system. We call an edge in E a labeled edge, and a finite sequence of connecting labeled 
edges a labeled path or a A-path. If a labeled path 7 labeled u starts at a vertex u in V) and 
ends at a vertex u in we say that leaves v and write 5 ( 7 ) = v, t^j) = u, A( 7 ) = 

We henceforth assume that £ is left-resolving, which means that t{e) 7 ^ t{f) whenever 
A(e) = A(/), e 7 ^ / for e, / G E. For a vertex v G Vi denote by F)“(u) the predecessor 
set of V which is defined by the set of words of length I appearing as labeled paths from 
a vertex in Vq to the vertex v. £ is said to be predecessor-separated if Fj“(u) 7 ^ r^“(u) 
whenever u,v G Vi are distinct. A subshift A is said to be presented by a A-graph system 
£ if the set of admissible words of A coincides with the set of labeled paths appearing 
somewhere in £. A-graph systems £ = {V,E,X,i) over S and £' = {V', E', X', l') over 
T,' are said to be isomorphic if there exist bijections : V —> V', <Pe ■ E ^ E' and 
0 : S —>■ S' satisfying <Pv{Vi) = h"/) ^e(F'/,/+i) = A' o = (j) o X such that 
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they give rise to a labeled graph isomorphism compatible to l and d. We note that any 
essential finite directed labeled graph Q = (V,£’,A) over S with vertex set V, edge set £ 
and labeling map A ; £ —> S gives rise to a A-graph system = (V, E, A, i) by setting 
Vi = V, = £,L = id for all I G Z+ (cf. [I9]). 

Two points € A"'' are said to be l-past equivalent, written as x y, if r;“(x) = 
For a fixed I € Z+, let = 1,2,... ,m{l) be the set of all f-past equivalence 
classes of A+ so that A+ is a disjoint union of E-,i = 1,2,... Then the canonical 

A-graph system = {V^, E^, X^, i^) for A is defined as follows ([IS]). The vertex set 
at level I consists of the sets El,i = 1,..., m{l). We write an edge with label a from 
the vertex E- € V/^ to the vertex if ax € F- for some x G We denote 

by the set of all edges from V/^ to There exists a natural map t^i^i from 

V'i+i to by mapping to F- when F/ contains Set and 

F^ = Uzgz+A^/)i+i- The labeling of edges is denoted by A^ : F^ ^ S. The canonical 
A-graph system is left-resolving and predecessor-separated, and presents A. 

For a A-graph system £, let A^ be the presented subshift by £. Then its canonical 
A-graph system does not necessarily coincide with the original A-graph system £. If 
in particular, A is a sofic shift, its canonical A-graph system is eventually realized as the 
left Krieger cover graph for A. 

2.3 Symbolic matrix systems 

For an alphabet S, let us denote by ©s tbe set of formal sums of elements of S. It contains 
0 as an empty word 0. A symbolic matrix system is a matrix presentation of a A-graph 
system. It consists of a pair / G Z+ of sequences of rectangular matrices 

such that the following conditions for each I G Z+ are satisfied: 

(1) is an m{l) x m{l -|- 1) rectangular matrix with entries in &■£. 

(2) is an m{l) x m{l + 1) rectangular matrix with entries in {0,1} satisfying the 
relation: 

= -^1,1+111+1,1+2, I £ ^+- (2.3) 

We further assume that both the matrices and have no zero columns and no 

zero rows. For j, there uniquely exists i such that Ii^i+i{i,j) ^ 0. By the above conditions 
one sees m{l) < m{l + 1). The pair (A4,I) is called a symbolic matrix system over S. 

Symbolic matrix systems (A4,I) over S and (A4', I') over T,' are said to be isomorphic 
if m{l) = m'{l) for I G Z+ and there exists a specification cj) from S to S' and an m{l) x m{l) 
permutation matrix Pi for each I G Z+ such that 

PiMi^i+i ~ Pili,i+i = I'l i^iPi+i for I G Z+ 

where specification (^ : S —>■ S means a bijective relabeling map, and ~ means the 
entrywise equalities through (j). Symbolic matrix systems {M.,1) and {Ad',I') are said to 
be shift isomorphic if there exist k,k' €z Z+ such that 

■Ail+k,l+k+l = Il+k,l+k+l = Il+k',l+k'+l alUGZ+ ([21]). 
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The notion of symbolic matrix system is a generalized notion of symbolic matrix. For an 
n X n symbolic matrix A, we set = A, = En for I G where En denotes 

the identity matrix of size n. Then Ii,i+i),l S is a symbolic matrix system. 

There exists a natural bijective correspondence between the set of isomorphism classes of 
symbolic matrix systems and the set of isomorphism classes of A-graph systems. We say 
a symbolic matrix system to be canonical for a subshift A if its corresponding A-graph 
system is canonical. It is denoted by 

2.4 Strong shift equivalence of symbolic matrix systems 

The notion of strong shift equivalence in nonnegative matrices is a fundamental notion in 
the classification theory of shifts of finite type. It has been introduced by R. F. Williams 
[30] to classify shifts of finite type by topological conjugacy (for sofic shifts see [26]). As a 
generalization of Williams’s strong shift equivalence, two kinds of strong shift equivalences 
between symbolic matrix systems have been introduced in [18] . One is called the properly 
strong shift equivalence that exactly reflects a bipartite decomposition of the associated 
A-graph systems. The other one is called the strong shift equivalence that is weaker than 
the former strong shift equivalence. They coincide at least among symbolic matrix systems 
whose A-graph systems are left-resolving and predecessor-separated, and hence between 
canonical symbolic matrix systems for subshifts. The latter is easier defined and treated 
than the former (see m for the detail). 

Let us recall the two strong shift equivalences in symbolic matrix systems. For alpha¬ 
bets C, D, put C ■ D = {cd I c € C, d G D}. For x = Ylj Cj G &c and y = Yhk dk ^ &D, 
define xy = Yhjk^jdk € &c-D- Let (Ad,/) and (Ad',/') be symbolic matrix systems over 
S and S' respectively, where Ad;^;+i,/;^;+i are m{l) x m{l + 1) matrices and I'l i+i 

are m'(l) x m'{l + 1) matrices. Symbolic matrix systems (Ad,/) and (Ad',/') are said to 
be properly strong shift equivalent in l-step, written as (Ad,/) ~ (Ad',/'), if there exist 

1—pr 

alphabets C, D and specifications cp : Ti ^ C ■ D,(f) : Ti' ^ D ■ C and increasing sequences 
n{l),n'{l) on I G such that for each I G Z_|_, there exist an n{l) x n'{l + 1) matrix Vi 
over C, an n'{l) x n{l + 1) matrix Qi over D, an n{l) x n{l -|- 1) matrix Xi over {0,1} and 
an n'{l) x n'{l -|- 1) matrix over {0,1} satisfying the following equations: 

~ V 21 Q 21 + 1 , ~ Q 2 i'P 2 i+i, (2.4) 

= ^21^21+1, Ill+l = (2.5) 

and 

XiVi+i = ViX'i+i, XlQi+i = QiXi+u (2.6) 

(f (p 

where ~ and ~ mean the equalities through the specifications (p, cj), respectively. It follows 
by (12.411 that n{2l) = m{l) and n'{2l) = m{l) for I G Z+. 

Two symbolic matrix systems {Xi,I) and are said to be properly strong shift 

equivalent in N-step, written as (Ad, /) ~ (Ad', /'), if there exists an A-string of properly 

N—pr 

strong shift equivalences in 1-step of symbolic matrix systems connecting between (Ad,/) 
and (Ad',/'). We simply call it a properly strong shift equivalence. The properly strong 
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shift equivalence is rephrased in terms of bipartite symbolic matrix systems and bipartite 
A-graph systems. Suppose that {A4,I) « Let A and A' be their presenting 

1—pr 

subshifts. For {xn)nez € A, we write ^p(xn) = Cndn € C • D, n G Z. Put {dnCn+i)■ 

As in [18], one knows that {yn)nez defines an element of A' such that the correspondence 
^ : {xn)n& € A — {yn)nez G A' yields a topological conjugacy from A to A', which is 
called the forward bipartite conjugacy. If one takes y'^ = (l)~^{dn-iCn), the topological 
conjugacy : {xn)n&z G A ^ {y'n)n&z G A' is called the backward bipartite conjugacy 
(cf. |26]). Hence if two symbolic matrix systems are properly strong shift equivalent, 
their presented subshifts are topologically conjugate. Conversely, if two subshifts A, A' are 
topologically conjugate, their canonical symbolic matrix systems ) are 

properly strong shift equivalent f|18]l. 

The above definition of properly strong shift equivalence for symbolic matrix systems 
needs rather complicated formulations than that of strong shift equivalence for nonnegative 
matrices. The notion of strong shift equivalence between two symbolic matrix systems is 
simpler and weaker than properly strong shift equivalence. Symbolic matrix systems 
(A4,/) and are said to be strong shift equivalent in 1-step, written as {M.,1) ~ 

l—st 

{M.', I'), if there exist alphabets C, D and specifications ip : T, ^ C■ D, 4> : Ti' ^ D-C such 
that for each I G N, there exist an m{l — 1) x m'{l) matrix "Hi over C and an m!{l — 1) x m{l) 
matrix ICi over D satisfying the following equations: 

~ UilCi+i, ~ K^iT-Li+i (2.7) 

and 

Wi^i+i = ( 2 . 8 ) 

Symbolic matrix systems {M,I) and [Ad',I') are said to be strong shift equivalent in N- 
step, written as (Ad, I) ~ (A4^, I'), if there exists an iV-string of strong shift equivalences 

N—st 

of 1-step of symbolic matrix systems connecting between [Ad, I) and [AA',I'). We simply 
call it a strong shift equivalence. Let Vi,Qi, Xi and X'l be the matrices in the definition of 
properly strong shift equivalence in 1-step between [Ad, I) and [Ad', I') satisfying ()2.4I1 . 
(j2.5[) and (j2.6j) . By setting 

All = X21-1P21-1, P-i = X'2i_iQ2i-i, 

they give rise to a strong shift equivalence in 1-step between [Ad, I) and [Ad', I'). Hence 
properly strong shift equivalence in 1-step implies strong shift equivalence in 1-step. Let 
[Ad, I) and [Ad', I') be the symbolic matrix systems for A-graph systems £ and £' re¬ 
spectively. Suppose that both £ and £' are left-resolving, and predecessor-separated. We 
know that [Ad, I) and [Ad', I') are strong shift equivalent in /-step if and only if [Ad, I) 
and [Ad',I') are properly strong shift equivalent in /-step ([20]). Hence the two notions, 
strong shift equivalence and properly strong shift equivalence, coincide with each other in 
the canonical symbolic matrix systems. We finally note that shift isomorphisms between 
symbolic matrix systems imply strong shift equivalent m Proposition 2.2]). 


7 




3 Extensions of subshifts 


Let (A, a) be a subshift over S and G a finite group. Let r ; A —>■ G be a continuous 
function from A to G. Define a homeomorphism ac^r :GxA—^-GxAby setting 
aG^-r{g,x) = {gT{x),a{x)). We set = G x A. 

Lemma 3.1. (A*^’"^, (TG,r) is topologically conjugate to a subshift. 

Proof. Define a metric d on A by 

j 2“^ if X 7 ^ y and k = Max{n G Z+ | X|m| = y|m|for all m € Z with \m\ < n}, 
a[x, y) = \ .f 

[0 if X = y, 

which gives rise to a topology equivalent to the original product topology on A. Consider 
the metric on G x A induced by d on A in a natural way. Then it is easy to see that the 
homeomorphism crG,T :GxA—>'GxAis expansive relative to the metric on G x A. Hence 
the topological dynamical system (A^’"^, cjg,t) is topologically conjugate to a subshift. □ 

The space = G x A has a natural G-action written p from the left 

Pg{a, x) = [ga, x), a, y G G, x G A 

which commutes with a. Hence we have a G-subshift (A^’"^, We call (A*^’'^, itg,t) 

the extension of A by skewing function r : A —>■ G. It is also called the G-extension of A 
by r for brevity. From the view point of topological dynamical systems, the dynamical 
system (A'^’'^, itg,t) is called the skew product written (G x A, r x a). 

Conversely, let A be a subshift with a G-action p commuting with the shift a. Assume 
that G acts on A freely. Let g : A —>■ A be the map onto the quotient space A = A/G of 
G-orbits. Let a be the homeomorphism on A induced by a. Since the action of G on A is 
free, there exists a continuous cross section c : A —)■ A such that the set 

G = {c(x) G A I X G A} 

is a clopen subset of A and A is homeomorphic to the union Ug^GPgiC) which is mutually 
disjoint. Hence one may identify A with G x A through (y, x) G G x A —>■ pg{c{x)) G A. 
The cross section c:A^A = GxAis identified with c(x) = (l,x). Define r : A ^ G 
by setting r(x) = y if a'(c(x)) G Pg{G). Since pg,g G G commute with a, we have 
q{d'{x)) = a{q{x)) for x G A so that a{g,x) = (yT(x), (t(x)). Therefore (A,d') is a skew 
product (G X A,r X (t). 

Proposition 3.2 (cf. [1], [2], [5]). Let A he a subshift and G a finite group. Any extension 

^AG,r 

) <xg,t) of a by a skewing function r : A ^ G defines a G-subshift. Conversely, any 
G-subshift (A, a) comes from a skew product (G x A, r x u) of a subshift (A, a) with a 
skewing function r. 

Concerning on topological conjugacy of extensions, the following proposition is ele¬ 
mentary and folklore. We give its proof for the sake of completeness. We always assume 
that G is a finite group. 


Proposition 3.3. Let (A, a) and (A', a') he subshifts. Let t : A ^ G and r' : A' —)■ G 
be continuous functions. Let us denote by A^’’^ and A'^’^ their G-extensions. Then the 
following are equivalent: 

(1) There exists a topological conjugacy : A^’'^ A'^'^ commuting with their G- 

actions. 

(2) There exist a topological conjugacy : A —> A' and a continuous function 7 : A ^ G 
such that 

t{x) = j{x)T'{'P{x))j{a{x))~^, X G A. 

Proof. (1) (2): For (l,x) G G x A = A*^’"^, we set 

^(l,x) = ( 7 (x),^>(x)) G G X A' = A'^’^' 

for some continuous functions 7 : A ^ G and L> : A ^ A'. Since p'g o o pg for g £ G, 

we have '^{g,x) = {g'y{x),<P{x)). Since = ^ o o'g,t and 

= aG^r'i 9 l{x),<L{x)) = {gj{x)T'{<P{x)),a'{<P{x))), 

^ oaG,Ti9,x) = 'i>{gT{x),a{x)) = {gT{x)'y{a{x)),<P{a{x))), 

we have 

{ 9 l{x)T'{^{x)),a'{<P{x))) = {gT{x)'j{a{x)),<P{a{x))). 

Hence we have 

j{x)Tf‘P{x)) = t(x)j((7(x}), a'{<P{x)) = <P{a{x)) 

which show that r is cohomologous to r' o ^ and <? : A ^ A' is a topological conjugacy. 
(2) (1): Define 'F : A^’"^ ^ A'^’^ by setting 

^{g,x) = {g'y{x),T>{x)) for ( 5 ^, x) G G x A = A^’^. 

It then follows that for x = (x„)„gz G A 

^{o'g,t{9,x)) = ( 5 fr(x) 7 (cr(x)),<F(cr(x))), aG,T'{^{ 9 ,x)) = {gj{x)T'{^{x)),a'{<P{x))) 

so that 'F((Tg,t( 5 ', 2 :)) = ^Gyi'^ihix)). It is routine to check that 'F is a homeomorphism 
so that 'F : A^’"^ —> A'^’'^ yields a topological conjugacy. The equality T o o T for 

p G G is clear. Hence T : A^’'^ —?> A'^’^ gives rise to a G-conjugacy. □ 

4 Extensions of A-graph systems 

In what follows, we fix a finite group G and a A-graph system £ = iV, E, A, i) over an 
alphabet S. Suppose that a map £ : S —>■ G is given. We set = G x S. We will 
construct a A-graph system 2,^'^ = {V^, , X^, t^) over from £ by the map i, which 
we call an extension of 2 by G, or a G-extension of £ by £. We put I'c = ^ o A : FI —G. 
For I G Z+, we set = G xVi and = G x Epi^i. Define —>■ by setting 
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i^{g,v) = {g,i{v)) for {g,v) G We put e® = {g,e) G The source s{e^) and the 

terminal t{e^) of are defined respectively by 

s(e^) = {g,s{e)) G Vf^, t{e^) = {g£G{e),t{e)) G 

Define by A'^(e®) = ( 5 ^, A(e)). We set and = 

We then have 

Proposition 4.1. = {V^, is a X-graph system over . 

Proof. It suffices to show the local property of A-graph system for Take an arbitrary 
(a, n) G {h,v) G and fix them. For e“ G E^{{a,u), {b,v)), we have s(e“) = 

{a,u),t{e^) = {b,i{v)). Hence b = aide.). By the local property of £, one may find 
/ G E‘'{u, v) such that i(s(/)) = u, t{f) = v and A(/) = A(e) so that idf) = d{e) = a~^b. 
The edge /“ = (a,/) belongs to E''{{a,u), {b,v)) and A*^(/“) = A'^(e“). Conversely, for 
any edge /“ G E''{{a,u), {b,v)), one may hnd an edge e“ G Ei_{{a,u), {b,v)) such that 
= A^(e“). Hence there exists a bijective correspondence between Eda,u), {b,v)) 
and E‘'{{a,u), {b,v)) preserving their labels. □ 

We say that a finite group G acts on a A-graph system T = (V, E, X, l) over S if there 
exists a triplet of bijective maps pg = {p^, Pg , p^) for each g € G with p^ : Vi ^ Vi, Pg : 
Ei^i^i —)■ Ei^i^i and ; S —)■ S such that p^ o t = l o p^ and 

P^{s{e)) = s{pg{e)), p^(t(e)) =t(pf(e)), p^(A(e)) = A(pf (e)), e€E 

and pI = id*,p*^ o p*^ = P*g^g^,gi,g2 G G for * = V,E,'E, respectively. A A-graph 
system with an action of G is called a G-X-graph system. We may define G-action p on 
For g ^ G, define p^ : — >■ Pg : —>■ and : YP by 

pP(a,u) = (pa,u) G , Pgia,e) = (pa,e) G Flp+i and p^'^(a,a) = iga,a) G Y^ for 
g,a € G,v G V,e € E,a G Y, respectively. It is easy to see Pg o pf^ = pg^. Hence the 
G-extension is a G-A-graph system. 

The correspondences 

QvG : Vi^ Vi, q^G : F'p+i —> -Ez,z+i, I G 

defined by qvG{g,u) = u,qyG{g,e) = e yield a surjective homomorphism of A-graph 
systems, which we write q : £. 

Let p : E^ —> G be the map dehned by 

p(e®) = g for e^ = {g, e) G Flp+i. 

The map p satisfies the following conditions: 

p(e5) = g{d) ■ idf) for f G I G N with t{d) = s{e^), (4.1) 

p(e®) = p(e'^ ) for e^,e'^ G Eq ^ with s(e^) = s{e'^ ). (4.2) 

Conversely, we have the following proposition. 
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Proposition 4.2. Let £ = (V,E,X,l) be a \-graph system over T, with an action p of 

G on 2,. Suppose that S = G x So and there exist maps po ■ E ^ G, ro : E ^ and 

£o : So —>■ G satisfying the following three conditions: 

Ke) = (??o(e),ro(e)), Po{p^{e)) = gpde), ro{p^{e)) = ro(e) (4.3) 

for g ^ G,e £ E and 

Vo{e) = Po{f) ■ io{ro{f)) for e, / G I G N with t{f) = s{e), (4.4) 

T/o(e) = Po{e') for e,e' G i?o,i with s{e) = s{e'). (4.5) 

Then there exist a X-graph system 2o = {Vo, Eo, Xo, i^o) over So and its G-extension 2^'^° 
G t 

by io such that 2o' ° is isomorphic to 2 as G-X-graph systems. 

Proof. We first note that the condition (j4.4h implies the same condition (j4.5p for e,e' £ 
Ei,i+i with / G N. In fact, suppose that e,e' G .Ez,z+i for / G N satisfy s{e) = s(e'). Since 
I > 1, One may take / G i^z-i.z such that s(e) = s(e') = t{f). By the condition (14.41) . we 
have 

Po{e) = Po{f) ■ L{ro{f)) = Vo{e') (4.6) 

so that the condition (j4.5|) holds for e, e' G £iz,z+i with I G N. 

Consider the quotient spaces of V,E which we denote by 14,z = VijG and Eo^pi+i = 
£'z,z+i/G- Denote by [u] G 14,z and [e] G £'o,z,z+i the equivalence class of u G V) and that 
of e G Ei^i^i, respectively. We set 

s([e]) = [s(e)], t{[e]) = [t(e)], Ao([e]) = ro(e), .o(N) = k(^)]- 

It is easy to see that £o = (14, Ao, z-o) is a A-graph system over So with the map 
4 : So ^ G. 

We will define maps : illo,z,z+i -^z,z+i and : I4,z ^ Vi for each I G Set 

file]) = Pj,(e)-i(e) for [e] G ^o,z,z+i- (4.7) 

If [e'] = [e] for some e' G i7z,z+i, one sees e' = Pg{e.) for some g € G. By (14.3h . one has 
Po{e') = Vo{Pg(e)) = gpo{e) so that 

^£(e')-i(e') = (e)) = pS(e)-i(e)- 

This shows that the map J^{[e]) defined in (14.71) is well-defined. For [u] G I4,z, take 
e G F^z,z-i-i such that v = s{e). Set 

/(M) = s(/(H))(= »(4(,)-.(e)) = (4.8) 

ifH = K| G I4,z for some v' G Vz, one may take e' G Ei^i^i and g £ G such that v' = s{e') 
and p^(v) = v' so that s{p^{e)) = s{e'). By (|4.6p . one has Po{e.') = haipfie)) = OTo(e) so 
that we have 


/m = PUe')-Me')) = 


PliepMe)) 
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This shows that the map {[v]) defined in (I4.8p is well-defined. 

We next define ^ —>■ £ by a pair of bijective maps ^ such that 

Ei^i+i and ■ V^i ^ Vi for each / G Z+ by setting 

«'"(9.|el) =T(/(H)). «‘'(9.M) =95'(9''(H))- 

G £ 

The map ^ is shown to be compatible to the structure of the A-graph systems £o ’ ° and 
£ in the following way: 

»(e®(9.|el))=9j'(»(/(N))) 

= 9b9.Me)->(>(9))) 

= 95'(/(|9(9)1)) 

= f'{(g. [»( 9 ) 1 )) 

= G(<>(9,H)). 

We also see that 

[e])) = Pg{t{j^{[e]))) = /3j(pj'^(g)-i(f(e))). 

Take f G E such that t{e) = s{f) and hence r]o{f) = rja{e)io{ro{e)). It then follows that 

P^^PlierMe))) = P^ipliMe))iplif)-Mfm 
= P^ipliMe))i/im]))) 

= C^(5'4(ro(e)), [t(e)])) 

= C^{gioGi[e]),m))) 

so that 

9(e®(9. [e])) = G(9(9, N)). *«®(9, N)) = G(t(9, N)). 

Since the equalities for [e] G £'o,«,«+i hold 

^(/([e])) = (r?o(pJ.(e)-i(e)),ro(/9®(e)-i(e))) = (r/o(e)“^r/o(e),ro(e)) = (l,ro(e)) G G x 
we have 

A({®(9, [e])) = P»^(A(/(|el))) = ( 9 . A„([e])) = A?( 9 , |e]). 

Suppose that 

[e]) = [e']) for some e, e' G Ei^i+i and g,g' G G. 

It then follws that 

pf{fim=p§{/{[e'])) ( 4 . 9 ) 

and hence 

^gr)o(e)-i (®) ~ Pg'r]o{e')-^(^ ) 
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so that [e] = [e']. By (14.9|) . we have g = g'■ Suppose next that 

{a, M) = {a', M) for some v,v' € Vi and g,g' € G. 

Take e,e' G T^/,z+i such that v = s{e),v' = s{e'). It then follows that 

and hence 

SO that [s(e)] = [s(e')] and g = g'. Therefore both and are injective. Their 
surjectivities are easily seen. Hence the map ^ gives rise to an isomorphism 

^ —>■ T of A-graph systems. □ 

By (14.11) . (|4.2I) . we obtain the following characterization of G-extension of A-graph 
systems. 

Theorem 4.3. Let £ = (H, E, A, t) be a X-graph system over T, and G be a finite group. 
Then 2, is a G-extension of a X-graph system 2o over So if and only if there exist a free 


action p of G on £ and maps po 
S = G X So and 

E —y (j, Vq E —y So afid - So —y 

G such that 

O 

0 

II 

Voipfie)) = gVo{e), ro(pg(e}) = ro(e) 

(4.10) 

for g £ G,e £ E and 



Vo{e) = ??o(/) •4(ro(/)) 

for e,f£ Ei^i+i, 1 £ N with t{f) = s{e), 

(4.11) 

0 

II 

0 

for e,e' G Eq^i with s{e) = s{e'). 

(4.12) 


For a finite directed labeled graph Q = {V, E, A) over alphabet S with a labeling map 
X : E ^ E, we have a A-graph system 2g by setting 

Vi = V, Ei^i^i = E, i = id for Z € Z+. 

G-extension of a finite directed graph is written in [21 p. 6]. That is easily generalized to 
a finite directed labeled graph. It is direct to see that G-extension of the A-graph system 
2g is the A-graph system of the G-extension of Q. Then the condition (14.121) is deduced 
from (I4.11h . Hence we have the following corollary. 

Corollary 4.4. Let Q = (V, E, A) be a finite directed labeled graph over S with a labeling 
map X : E ^ E, and G be a finite group. Then Q is a G-extension of a finite labeled 
directed graph Qo over So if and only if there exist a free action p of G on Q and maps 
r]o ■ E ^ G, To ■ E ^ Eo and ^o : So ^ G such that S = G x So and 

Ke) = (??o(e),ro(e)), rjoipgie)) = gr}o{e), rfipf{e)) = rfie) 

for g £ G, e € E and 

Vo{e) = Po{f) ■ io{ro{f)) for e, f £ E with t{f) = s{e). 
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5 Subshifts presented by extensions of A-graph systems 

In this section we study the subshifts presented by extensions of A-graph systems. Let 
£ = (y, E, A, i) be a A-graph system over S. Suppose that a map £ : S —)■ G is given. 
Define ic ■ E ^ G hy icis) = ^(-^(e)) G G for e € Let us denote by the right 
one-sided subshift defined by the extension 2,^'^ of A-graph system £ by G. The following 
lemma is obvious. 

Lemma 5.1. For gn G G,en & En-i,n, n = 1,2,..., the sequence {gn, Cn) G n) ^ ^ ^ 
gives an admissible path in the X-graph system 2^'^ if and only if t{en) = s{en+i), gn+i = 
gn^cien) for all n G N. 

The above lemma says that (gn, X(en))n€N G if and only if t(en) = s(en+i),gn+i = 

gn^Gien) for all n G N. 

Lemma 5.2. The correspondence (p^ : (^n, A(en))neN G A^^^^ —>■ ( 51 , (-^(cn))nGN) G G x 
AJ gives rise to a homeomorphism between E'^G,e ond G x Aj. 

Proof. By the preceding lemma, a sequence (gn,^n) G E^_i^,n G N defines an element 
of Ai^G,e if only if t(en) = s(en+i), gn+i = gn^-cion) for all n G N. The condi¬ 
tion gn+i = gn^G(on),n G N implies gn = 5'i^(A(ei)) • • G(A(en-i)) so that the sequence 
( 51 , (A(en))nGN) G G X A+ determines (fi-n, A(en))nGN G A+q. Hence -S' G x A+ 

defines a homeomorphism. □ 

We define G-actions on E'^G.t and on G x by setting 

A~^ + 

Pg ^n)nGN) — ^n)nGN; Pg ((^? (^n)nEN)) — (^n)nEN)' 

Then it is direct to see that the G-actions commute with the homeomorphism —)■ 

G X . Let ^n)n^^) — (^n+l? ^n +1 )nEN ^-Ild — (x7^-^i)7iGN be 

the one-sided shifts on Aj respectively. We define a map : A+ ^ G by 

y(x) = l(xi) for X = (xn)neN G Aj. Then we have 

Proposition 5.3. ° as) = {g^i (x),a^(x)) for (g,x) G G x A^. 

Proof. For 5 G G,x = (xn)nGN G A+, we set {gn,Xn)nen = {pQ)~^(g,x), so that 

g2 = g^(xi), g:i = g^(xiy(x2), •••, gn = g(-(xi) ■ ■ ■ ^(xn-i), 

and hence g 2 = gT^(x). It then follows that 

° iTG)~^i9,x) = p'}.{(gn+l,Xn+l)nGn) = {g 2 ,Xn+l)nm = (gx^ (x), al(x)). 

□ 

We next consider the two-sided subshifts A^ and E^G,t presented by the A-graph sys¬ 
tems £ and £^’^, respectively. They are realized from A^ and Aj^^^ in the following 
way. 

Ajj — {(Xn^ndl. ^ ^ I (■ri+n)n€Z G A^ for all i G ^}, 
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and 


-^£<3/ {(ffn) ®n)nGZ ^ {G X S) | G ^ for all i G ^}, 

respectively. Then for g £ G, the action pg : A^G,i —>■ A^g.;; defined by Pg{{gn,Xn)n&) = 
(ff • S'n, a;n)nGZ Satisfies pg o ct^g/ = a^G,t o pg for g £G. 

Lemma 5.4. For gn £ G,Xn £ Fj^n £ Z, the sequence {gn, Xn)ne'E G G x S,n G Z gives 
rise to an element of k^G,i if and only if the following two conditions hold: 

(1) for i £ Z, there exists a sequence G En-i^n,n £ N such that = s{el^_^_l_^_j^) 

and Xn+i = A(e^_,_j) for all n G N. 

(2) gn+i = gn^{xn) for all n G Z. 

We define ^ G by setting Ti{{xn)nez) = ^(a^o)- We then see the following 

lemma. 

Lemma 5.5. The map pc ■ A^g,^ G x A^ defined by PGii 9 n,Xn)n£z) = (go, ixn)n£z) 
for {gn,Xn)nez G A£g,£ yields a homeomorphism between kg>G,i and G x A^ such that 

PGO(^ZG,e O {pG)~^{go,x) = {goTi{x),aAi.) for go £ G,x £ Aq. 

Proof. We first show the injectivity of pG ■ A^g/ -£ G x A^. For {gn,Xn)nez G A^g, the 
equalities gn(-{xn) = gn+i-,n £ Z hold, so that we see 

gn+l = gn^Xn) = go^ixo)£ixi) ■ ■ ■ i{Xn), 

9—n—l — 9—n^iX—ri) — 9o(^(X—n—l)^(X—n) ‘ ‘ ‘ ^(X—l)) 

Hence gn, g-n, n = 1,2,... are determined by go,Xn, n = 0,1,2,... . Therefore we know 
that Pg ■ A^g,i -£ G X A^ is injective and hence a homeomorphism. 

For go G G,X = (Xn)neN G A^, put {gn,Xn)n& = Tg^{ 90, {Xn)n&) so that gn^Xn) = 
gn+i,n £ Z. It then follows that 

Pg G C^G.i O Pq (go,x) = pG{fgn+l,Xn+l)nPL) 

~ (51) (aJn+l)nez) 

= (5'0^(a;o), {(^St{Xn))n&) 

= {9m{x),(rit{x)) 

so that we have pG ° o'^G.e o pff^go, x) = {g^T^fx), a^^{x)). □ 

Since the above homeomorphism pG : A^g,^ Gx A^ commutes with their G-actions, 
we see the following result. 

Theorem 5.6. The subshift (A^g/,u^g/) presented by the G-extension of X-graph 
system £, by a map i : H ^ G is G-conjugate to the skew product (G x A^, x as). Hence 
the subshift presented by a G-X-graph system is a G-subshift. 
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6 G-Strong shift equivalence 


In this section, we first introduce two kinds of notions of G-strong shift equivalences 
between symbolic matrix systems over Z+G. Both of them are generalizations of G-strong 
shift equivalence for finite symbolic matrices over Z+G. They are defined by analogous 
ways to the strong shift equivalences between symbolic matrices. 

Let "0 : El —S 2 be a specification from an alphabet Ei to an alphabet E 2 . Suppose 
that maps : Ei —> G and £2 : E 2 ^ G are given. If the equality £1 = I 2 ° holds, 
the specification V’ is said to be compatible to the maps ii and £ 2 - In what follows, 
we fix a finite group G. Let (A4,I) and be symbolic matrix systems over S 

and E', respectively. Suppose that maps £ : E ^ G and : E' ^ G are given. By 
relabeling a € E and a' € E' by £(a} € G and £'(a') € G, respectively, we may regard 
the symbolic matrix systems (A4,I) and as those over Z+G, respectively. The 

relabeled symbolic matrix systems are denoted by (A4^,I) and , I'), respectively. 

Each entry Aii j) of the matrix is 

= ^(«i)- £^{an) if j) = «! H- 

Similarly the matrix is defined. Let m{l) and m'{l) be the sequences for which 

Ii^i+i are m{l) x m{l + 1) matrices and M.\ are m'{l) x m'{l + I) matrices, 

respectively. 

Definition 6.1. Symbolic matrix systems and ,1') over Z+G are said to 

be properly G-strong shift equivalent in 1-step, written as {Ai^,I) ~ {Ai'^ ,/'), if the 

G,l—pr 

following two conditions hold: 

(1) there exist sequences of matrices 'Pi,Qi,Xi,X[ for each I € Z+ and specifications 
(f : T, ^ G■ D. 6 : T,' ^ D-G satisfying (I2.4h . (l2.5h . (12.6p . that is (A4.I) « {Ai',I'), 

1—pr 

( 2 ) there exist maps £c '■ G ^ G,£d ■ D ^ G such that : E —G • D is compatible to £ 
and £cd, where £cd is dehned by £cD{cd) = £c{c)£Did), c € C,d ^ D, and similarly 
(/) : E' ^ D ■ G is compatible to £' and £dc, and the equalities 

Km = (6.1) 

hold for I G Z+. 

Symbolic matrix systems {Ai^,I) and {Ai'^',1') over Z+G are said to be properly G- 
strong shift equivalent in N-step, written as {Ai^,I) ~ {Ai'^', I'), if there exists an 

G,N—pr 

V-string of properly G-strong shift equivalences in 1-step connecting between (A4^, /) and 
(Ai'^ ,/'). We simply call it a properly G-strong shift equivalenee. It is straightforward 
to see that properly G-strong shift equivalence is an equivalence relation in the set of 
symbolic matrix systems over Z+G. 

We will next introduce the notion of G-strong shift equivalence between two symbolic 
matrix systems that is simpler and weaker than properly G-strong shift equivalence. 

Definition 6.2. Symbolic matrix systems {At^,I) and {Ai'^',I') over Z+G are said to 

be G-strong shift equivalent in 1-step, written as {Ai^,I) ~ {Ai'^', I'), if the following 

G,l—st 

two conditions hold: 
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(1) there exist sequences of matrices 'Hi,JCi for each I € Z_|_ and specifications 
C ■ D, (p : T,' ^ D ■ C satisfying (I2.7I) . (I2.8I) . that is {Ai, I) ^ (A4', I'), 

1—si 

(2) there exist maps ic ■ C ^ G, Id ■ D ^ G such that y? : S —>■ C* • -D is compatible 
to i and £cd, and similarly (/> : S' — )• D • C is compatible to i' and £dc, and the 
equalities 

(6-2) 

hold for I € Z_|_. 

Symbolic matrix systems and {Ai'^ ,/') over Z+G are said to be G-strong 

shift equivalent in N-step, written as {Ai^,I) ^ « {A4'^ if there exists an A^-string 

of G-strong shift equivalences in 1-step connecting between (A4^,I) and {Ai'^',1'). We 
simply call it a G-strong shift equivalence. Similarly to the case of properly G-strong 
shift equivalence, G-strong shift equivalence in symbolic matrix systems over Z+G is an 
equivalence relation. 

Proposition 6.3. Properly G-strong shift equivalence in 1-step implies G-strong shift 
equivalence in 1-step. 

Proof. Let Vi, Qi,Xi and X'^ be the matrices in Definition 16.11 of properly G-strong shift 
equivalence in 1-step between {AA.^,1) and {Ai',I'). We set 

ni = X 21 - 1 V 21 - 1 , /Cz = X';_iQ 2 Z-i for/GN. 

They give rise to a G-strong shift equivalence in 1-step between {Ai^, I) and {A4'^', I'). □ 

Conversely we know the following proposition. Since its proof is similar to that of |20l 
Theorem 4.3], we omit it. 

Proposition 6.4 (cf. [20]). Let {Ai^,I) and {Ai'^\l') be the symbolic matrix systems 
over Z+G. Suppose that their respect X-graph systems £ and £' for {Ad, I) and {Ai',I') 
are left-resolving and predecessor-separated. The following are equivalent: 

(i) {A4^,I) and (A4'^',I') are properly G-strong shift equivalent in I-step. 

(ii) {A4^,I) and {Ad'^', I') are G-strong shift equivalent in l-step. 

Hence the two notions, properly G-strong shift eqnivalence and G-strong shift equiv¬ 
alence, coincide with each other in the canonical symbolic matrix systems with a map 
i:£^G. 

Let £ and £' be A-graph systems over S and S' with maps i : T, ^ G and : S' —>■ G, 
respectively. Denote by (A4^, I) and {Ad'^ , /') their respect symbolic matrix systems over 
Z_|_G. Define the skewing fnnctions —>■ G and r^/ : A^/ —>■ G by 

Tl{{Xn)n£l,') — ^(^ 0 )) (^n)nSZ £ 

n'{{yn)n&) = £'{yo), {yn)n&Z € Ax;/. 

Suppose that {Ad^,I) and {Ad'^', I') are properly G-strong shift equivalence in 1-step. 
Since {Ai,I) and {Ad', I') are properly strong shift equivalent, there exists a topological 
conjugacy : Ax; —Ax;/ between their presenting subshifts coming from the half-shift: 
{cndn)n&'L {dnCn+i)n£Z- L IS Called the forward bipartite conjngacy in [26](cf. [T8]i. 


17 


Lemma 6.5. Suppose that and , I') are properly G-strong shift equivalence 

in 1-step. Then there exists a map b : T, ^ G such that 

Tiix) ='yb{x)Tp{T>{x))'ybicrA^ix))~^, x € A£, (6.3) 

where <P : ^ Aqi is the forward bipartite conjugacy and 'jb ■ Aj^ ^ G is defined by 

lb{iXn)n£z) = b{xo). 

Proof. Assume that symbolic matrix systems I) and (AA'^ , I') are properly G-strong 
shift equivalent in 1-step. Since {A4,I) ks (Ad',/'), their presenting subshifts A^ and 

1—pr 

A^/ are bipartitely related as in the proof of |18l Theorem 4.1]. Through the specifications 
if :Tj ^ G -D and (/> : S' ^ D • G, for any {xn)nez G A^ we may write (p{xn) = Cndn, n G Z 
for some Cn € G,dn € D,n € Z. By putting yn = 4>~^{dnCn+i),n € Z, we know that 
{Vn)n& belongs to A^/. The forward bipartite conjugacy : A^ —)• A^/ is defined by 
^((Xn)nez) = {yn)n&- We Set 6 : S ^ G by 6(xo) = ^c(co)- Since Ti{{xn)n&) = 
^Cd{t{xo)) = ^cnicodo) and Tpiiyn)nez) = ^'{yo) = ^Dc{doCi), by setting 7b((xn)nez) = 
fe(xo) € G, the following equalities hold: 

T£i{^((Xn)nez)) = (^DcidoCl) 

= ^c{co)~^ ^c{co)(-D{do)icici) 

= ^c(co)~^^CDicodo)icici) 

— 'yb{_iXn)n£z') ’^£((3:n)nsz)7b((3:n+l)ngz)' 

This shows the equality (16.31) . □ 

Proposition 6.6. Suppose that {A4^,I) and {AA'^', I') are properly G-strong shift equiv¬ 
alent. Then there exist a topological conjugacy : A^ —)■ A^/ and a continuous function 
7 : A£ —>■ G such that 

re{x) = j{x)Te'{T>{x))-f{aA^{x))~^, x € A^. (6.4) 

Proof. Assume that {AA^,I) and (Ad'^ ,/') are properly G-strong shift equivalent in N- 
step. There exists a finite sequence of symbolic matrix systems {AAn,In) over S„ and 
maps : S„ ^ G for n = 1,..., A" such that 

(M,/) = (Adi,/i), i = eu (M',I') = (A4N,dN), f = £N, 

(Mt ,In+i) forn = 1,... A - 1. 

G,l—pr 

Let £n be the associated A-graph system to (Ad^, In),n = 1,..., N. By Lemma 1631 there 
exist a finite sequence of bipartite conjugacies ■ A^^ —>■ and continuous maps 

7 „ : Ax;^ —>■ G for n = 1,..., A such that 

''■^(a;) = 7n(x)r£„+i(^n(a;))7n(o-A£„(x))"\ xeAs^^. (6.5) 

Put 


7 (x) = 7 i(x) 72 (^i(x)) 73 (^ 2 (^i(a:))) ■ ■ ■7Ar((^Ar-i o • • • o^i)(x)), 
T>{x) = {T>n-io ■ ■ ■ oT>i){x), xGA£^. 
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We have 


Til (^) = 7(^)T£jy (^(a^))7(o-A£^ (a^)) \ a: G . 

Since T£ = T£/ = the equality (16.41) holds. □ 

To study the converse implication to the above proposition, we provide some lemmas. 

Lemma 6.7. Let K he a subshift over S and maps I : T, ^ G,£' : T, ^ G be given. 
Suppose that a continuous map 7 : A —>■ G satisfies 

Ti{x) ='y{x)Ti>{x)-f{a{x))~^, x € A. ( 6 . 6 ) 


Take X = {Xn)neZ,y = {yn)neZ G A. 

(i) If Xn = Vn for a// n = 0 ,1,2,... , we have 7(x) = 7(2/). 

(ii) If Xn = 2/n for all n = —1, —2, —3,..., we have 'y{x) = 7(2/). 

Proof. We set t(x) = T£{x),t'{x) = T£i{x). 

(i) We define t”(x) = r(x)r((T(x)) • • • r(iT"'“^(x)) and r'”'(x) is similarly defined. By 
dnsi), we have 

7(x) = r”(x)7(fT"'(x))T'”'(x)“^, X G A. ( 6 . 7 ) 

Since both r(x) and r'(x) are determined at the 0th coordinate xq of x, the condition 
Xn = yn,n G Z+ ensures us r”'(x) = T^{y) for all n G N and similarly r'"'(x) = r'^iy) for 

all n G Z+. Now 7 : A ^ G is continuous, 7(x) is determined by finite coordinates of x so 

that one may take L G N such that 7 (ct^(x)) = 'y{a^{y)), because Xn = 2 /n for all n G 
Hence 7(x) = {x)j{a^{ x))t'^{ x)~^. Since r^(x) = T^{y) and r'^(x) = T'^{y), we get 

7 (x) = 7(2/). 

(ii) By (|6.6I) . we have 

7(x) = T((T“^(x))“^7((T“^(x))r'((T“^(x))“^, X G A. (6.8) 

We dehne r“”(x) = r((T~”'(x)) ■ ■ ■ t((t“^(x))t((t“^(x)) and r'~"'(x) is similarly dehned, so 
that we have 

7(x) = r“”(x)“^7((T“"’(x))r'~"'(x), x G A. ( 6 . 9 ) 

Since x^ = 2 /n for ah n = -1,-2,..., we have r“"'(x) = T~'^{y) for all n G N and 
t'~^{x) = T'~'^{y) for all n G Z+. Similarly to the above discussion, one may take L G N 
such that 7(iT“^(x)) = ^{a~^{y)) and hence 7(x) = T~^{x)~^^{a~^{x))T'^{x). Since 
r“^(x) = T~^{y) and t'~^{x) = T'~^{y), we get 7(x) = 7(2/). □ 

For X = {xn)nez G A, we set x+ = {xn)n&z+ G A"''. For K < L, let us denote by 
the finite word {xk,xk+i, ..., xl) G Bl-k+iW for x = (xn)nez- 

Lemma 6.8. Let K he a subshift over S and maps f : S —>■ G,/ : S —)> G 6e given. 
Suppose that a continuous map 7 : A —> G satisfies the equality (lerl). Then there exists 
L G N such thst for x,y £ A and I > L, if x^ y^ l-past equivalent, then 7(x) = 7(2/)- 
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Proof. We set r(x) = T£{x),t'{x) = Tii{x). Since 7 : A ^ G is continuous, 7 is determined 
by the window [—Li,Li] between —Lith coordinate and Lith coordinate. Hence the 
equality -/{x) = 7 (y) holds for x,y £ A with = y[-LuLi]- Put L = 2 Li + 1 . 

Suppose that = y[-L-i]- We have 

and 

a-^^-^{x)[_L^^Li] = X[-L-l] = y[-L-l] = 0-“^1“H2/)[-Li,Li]- 

By (16.91) . we get 7 (x) = 7 ( 2 /). For I > L, suppose that x'^ /-past equivalent. 

One may find a word y G Bi{A) and x,y £ A such that = y,x^ = x'^ and 

y[-L-i] = = y~^ ■ Hence the equality 7 (x) = 7 (y) holds. Since Xn = Xn for all 

n = 0, 1 , 2 ,... we have 'y{x) = 'y(x) and similarly j(y) = 7 ( 2 /), so that 7 (x) = 7 ( 2 /). □ 

By the above lemma, 7 : A —)• G defines a sequence of maps G from the 

/-past equivalence classes of A to G for / > L. Let us denote by [x"'']; the /-past equivalence 
class of x'^. We may write 7 (x) = 7 ([x+]z). 

Lemma 6.9. Let (A4,I) be the canonical symbolic matrix system for a subshift (A, a) over 
S. Let maps ^ : S ^ G,^' : S ^ G be given. If there exists a map b : T, ^ G satisfying 

Teix) = 'ybix)Tifx)'yb{a{x))~^, x £ A, (6.10) 

then their respect symbolic matrix systems (AA^, I) and {A4^', I) are properly G-strong shift 

equivalent in 1-step, where jb ■ A ^ G is defined by 'ybiixn)nez) = b{xo). 

Proof. Let us denote by the canonical A-graph system for A. As 

the continuous map 7 b : A —>■ G is determined by the window [—Li,Li] for Li = 0, one 
may take L in the previous lemma, asL = 2- 0-|-l = l. Let denotes the vertex 
[x"*"]; in determined by the /-past equivalence class of x"*". Since 7 (x) = 7 ;([x''']/), the 
equality () 6 . 10 l) implies that 

^(xo) = 'y{[x^]i)i'ixohi[a{x)^]i+i)~^, x £ A. (6.11) 

We set the m{l) x m{l) diagonal matrix Di = [Di{i, i)]'^i with its diagonal entries in G for 
which the (i(x), i(x))-component is 7 ([x]z). The definition of Di{i,i) is well-defined by the 
preceding lemma. For x = (x„)nez € A, the right one-sided sequence x"'' = (xq, xi,...) £ 
A"'' dehnes an edge Cij £ such that 

s{eij) =v\ = [x+]z, t{eij) = = [(t(x)+]z+i, \^{eij) = xq, 

because xqF^'^^ C F-, where F- = [x~^]i,Fj~^^ = [(t(x)’'']z+i. The equality (j6.1ip means 

i{X{eij)) = Diii,i)£'{X{eij))Di+i{j,jr^ (6.12) 

which is also written 

£(xo) = 6 (xo)/(xo)) 6 (xi)“^ (6.13) 
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(6.14) 


The equality (I6.12D implies 

= Diii,i)M(i+iii, j)Di+i{j, j)-^ 

so that 

K;+i = A-^M+i^r+r (6-15) 

Let C = GS = {ga | 5 € G, a € S} and D = G. Define specifications (p : Ti ^ C ■ D 
and 4> : T, ^ D ■ C hy setting (p{xq) = b{xo)xQ ■ b{xi)~^ and 4>{xq) = 6(xo)“^ • b{xo)xQ. By 
(I6.13p . is determined by xq so that (p is well-defined. We define symbolic matrices 

'Pk, Qk by 


and matrices , X'^ by 


Vk 

Qk 


DiMpi+i iffe = 2/,2Z + l, 
J DY^ if /c = 21, 

I D7}, \.ik = 2l + l 


Xk 


Xi 


El ifk = 21, 

Ipi+i \ik = 2l + l, 

Ipi+i iik = 21, 

El \i k = 21 + 1 , 


where Ei denotes the m{l) x m{l) identity matrix. The matrices Vk, Qk, Xk, X'f. satisfy 
the conditions ( 12 .4p . (12.51) . (|2.6p for the symbolic matrix system {M.,1) = We 

set Ic '■ C ^ G, Id '■ D ^ G hy 


^c(b(xo)xo) = 6 (xo)/(xo), = id. 

The equality (I6.13p shows that 

^(a^o) = (■c{Kxo)xQ)(.D{b{xi)~^) = (-CDi^ixo)), 
i'{xo) = h{xo)~^ ■ 6 (xo)/(xo) = ^Dc{(t>{xo)) 


so that (p is compatible to i and icD and (j) is compatible to i' and ioc- The equality 
(j6.15p implies 


M 


i,i+i 


— -P^C- Qf-D 
~ ' 21 


21 + 1 ’ 


M 


1 , 1+1 


= Q 


PD'n^c 
21 ' 2l-\-l 


hold for I G Z+. Therefore the symbolic matrix systems {Xi^,I) and {Xi^',1) are properly 
G-strong shift equivalent in 1-step. □ 


In |20[ Theorem 7.1], it has been shown that a topological conjugacy between two 
subshifts is decomposed into a finite chain of properly strong shift equivalences on their 
canonical symbolic matrix systems. Each of the properly strong shift equivalences comes 
from one of the four operations, merged in-splittings, merged out-splittings, merged in¬ 
amalgamations and merged out-amalgamations on their canonical symbolic matrix sys¬ 
tems. We may show that the four operations, in-splittings, out-splittings, in-amalgamations 
and out-amalgamations, induce properly G-strong shift equivalences. In the following 
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lemma, we will prove it in the case of in-splittings. The other three cases are similarly 
shown. Let (A4,I) be the symbolic matrix system for a A-graph system £ over S. For a 
partition V of S, we have the in-splitting A-graph system over alphabet Ep = V xT, 
of £ by P ([20l Section 5]). Let us denote by the associated symbolic matrix 

systems. 

Lemma 6.10. Keep the above situation. Suppose that a map £ : 'E, ^ G is given. 

(i) There exists a map l-p : E-p G such that the symbolic matrix systems {A4^,I) and 
are properly G-strong shift equivalent. 

(a) There exists a map b : E ^ G such that 

Ti{x) = 7fe(x)r(;p(^(x))7fe(fTA£(x))“\ X G A£ (6.16) 

where ^ ^ ^^[v] forward bipartite conjugacy arising from the in-splitting 

of^. 

Proof, (i) We put G = E, D = V. Let us denote by [a] the partition class of a symbol 
a ^ E m. V. Let us dehne the specification ip : E ^ G ■ D and (p : E-p D ■ G hy 
ip{a) = a - [a] and ())(p, a) = (p, a). The specihcations (p, p yield the properly strong shift 
equivalence between {PA, I) and {M.p,Ip) ([SD]). We set £c '■ G ^ G and £d ■ D ^ G 
by £c = £ and £d{p) = 1 the unit of G for all p € V. We define £p : Ep — G by 
£p{p, c) = £{c). We then have for c G C and p € V 


£cd ° t{c) = £cd{c[c]) = £c{c)£d{[c]) = £c{c) = ^(c), 

£dc o (t){p, c) = £dc{p ■ c) = £d{p)£c{c) = 1 • £c{c) = £p{p, c). 


Hence (p is compatible to £ and £cd-, and (p is compatible to £p and £dc- As in [20l 
p. 1568], the A-graph systems £ and £[-p] are bipartitely related, there exist symbolic 
matrices Vi over G and Qi over D which give rise to properly strong shift equivalence 
between {PA,I) and {PAp,Ip). Since 


PA 


i,i+i 


PA 


i,i+i 


- 'P21Q21+1-, 

1,1+1 

i] we have 


■pK Q^D 
' 21 ^2l+V 

■^^^[P],i,i+i 


~ ^21 ' 21+V 


so that {PA^,I) and {PA.^\lp) are properly G-strong shift equivalent. 

(ii) By Lemma 16.51 there exists the desired map 5 : S —>■ G satisfying the equality 

(iron . □ 


We then have the following proposition. 

Proposition 6.11. Let {PA, I) and {PA', I') be the canonical symbolic matrix systems for 
subshifts A and A' respectively. Let maps £ : E ^ G,£' : E' ^ G be given. Suppose that 
there exist a topological conjugacy <P : A ^ A' and a continuous map 7 : A —> G such that 

Ti{x) = y{x)Te{<P{x))y{a{x))~^, x G A. (6.17) 

Then their respect symbolic matrix systems {PA^,L), {PA'^', I') are properly G-strong shift 
equivalent. 


22 




Proof. Since ^ : A —)• A' is a topological conjugacy, one knows that the canonical sym¬ 
bolic matrix systems {A4,1), {A4', I') are properly strong shift equivalent. By [201 The¬ 
orem 7.1], properly strong shift equivalence between {M.,1) and is given by a 

finite chain of the four operations, merged out-splittings, merged in-splittings, merged 
out-amalgamations and merged in-amalgamations. This means that there exists a finite 
sequence Aq, Ai,..., A^v of subshifts such that Aq = A and Ajv = A' and their canon¬ 
ical A-graph systems and are related by one of the four operations. Denote 

by {A4i,Ii) the associated symbolic matrix system for Suppose that (Ali+i,/i+i) 

is obtained from by an in-splitting on their A-graph systems. By the previous 

lemma, for a given : Sj — G, there exist maps ii+i : Sj+i —>■ G and bi : Tii ^ G such 
that 

re^ix) = 7b,(x)r4_^i(^i(x))7b,(ai(x))"\ x € A^, (6.18) 

for i = 0,1,..., A^ — 1, where : hi ^ Aj+i are the associated bipartite conjugacies 
to the four operations. Since the merged operation defined in [20] does not change the 
presenting subshifts, one knows that if (Adj+i, Ij+i) is obtained from by an merged 

in-splitting on their A-graph systems, the same equality as (I6.18h holds. Similar arguments 
work for the other three operations, merged out-splittings, merged in-amalgamations and 
merged out-amalgamations. Since the given topological conjugacy : A ^ A' is the 
compositions of the bipartite conjugacies i = 1,..., iV, by starting a given map £:£—>■ 
G denoted by £o and the subshift A = Aq, we finally obtain a map ■ '^N = ^ G and 

a continuous map jn : A —> G such that 

Te(x) = 7 Ar(x)r£^(^(x)) 7 Ar(cr(x))"\ X € A. (6.19) 

By combining the given identity ()6.17l) . we have 

r£/(^(x)) = 'y{x)~^jN{x)Ti^{4>{x))jN{(T{x))~'^-f{a{x)), x € A. (6.20) 
By putting we get 

'T'(y) = 7'(2/)'Tjv(y)7'('7'(y))“\ y e A'. ( 6 . 21 ) 

Since the operations of higher block systems are obtained by in-splittings or out-splittings 
of A-graph systems, one may assume that the above map 7 ' is a one-block map. By Lemma 
16.91 we see that ,/') and are properly G-strong shift equivalent. Since 

(Mf ,1,) ^ , /,+i) for i = 0,1,... , AT_ 1 and I) = , Iq), ,In) = 

G,l—pr 

(AT'^^,/') we conclude that (TW^J) □ 

G,N—pr 

Therefore we have the following theorem: 

Theorem 6.12. Let G be a finite group. Let £ and 2,' he X-graph systems over T, and 
S' respectively. Suppose that maps i : T, ^ G and T : S' —)■ G are given. Let {A4^,I) 
and (A4'^ , /') be their symbolic matrix systems over Z+G through the maps £ and £', 
respectively. Consider the following three conditions: 

(1) (Mfil) and are properly G-strong shift equivalent. 
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(2) There exists a topologieal conjugacy ^ —)■ A^/ such that T£ is cohomologous to 

Til o <P. 

(3) The G-subshifts A^g/ and are G-conjugate. 

Then we have 

(1) ^ (2) ^ (3). 

If in particular, £ and £' are both the canonical X-graph systems, we have (2) (1). 

Proof. The implications (2) (3) come from Proposition 13.31 The implication (1) 

(2) comes from Proposition 16.61 In case that both £ and are the canonical A-graph 
systems, the associated symbolic matrix systems (Ad,/) and are the canonical 

symbolic matrix systems for A^ and A^' respectively. Hence the implication (2) (1) 

in this case follows from Proposition 16.111 □ 


7 Example and Markov—Dyck shifts 


In the first half of this section, we present an extension of a certain A-graph system 
presenting Dyck shift D 2 by a finite group. In the second half of this section, we study 
G-conjugacy classes of extensions of a family of nonsofic subshifts called Markov-Dyck 
shifts. 

1. The Dyck shift D 2 is a typical example of a non-sofic subshift (cf. |11] . |14] . |23j ). 
We consider the Dyck shift D 2 with alphabet S = U £"*“ where = {Q!i,a 2 }, = 

{/5i,/ 32}- The symbols ai, fli correspond to the brackets (*,)* respectively. To define the 
Dyck shift, we use the Dyck inverse monoid ©2 which is a monoid having the relations 


ail3j 


1 if i = j, 

0 otherwise 


(7.1) 


for i,j = 1,2 (HI], mi)- A word cji • • • Wn, of S is admissible for D 2 precisely if Wra=l OJm 7^ 
0. For a word cj = wi • • • of S, we denote by Cj its reduced form. Namely w is a word of 
S U {0,1} obtained after the operations (17.11) . Hence a word w of S is forbidden for D 2 
if and only if cD = 0. There are two typical A-graph systems presenting D 2 . One is the 
canonical A-graph system , and the other one is so called the Cantor horizon A-graph 
system written 2 PKD 2 ) ^ former one corresponds to the left Krieger cover and the 

latter one does to the left Fischer cover. Although the former £^2 is not irreducible as a 
A-graph system, the latter 2 PKD 2 ) irreducible so that the associated C'*-algebra O^chio^) 
is simple and purely inhnite f|19ji. In this section, we treat the latter one £C'^(^ 2 )_ 

Let us describe the Cantor horizon A-graph system 2 PKD 2 ) gf which has been 
introduced in [T3] (cf. [23]). Let S 2 be the full 2-shift {1,2}^. We denote by Bi{D 2 ) and 
Bi{T, 2 ) the set of admissible words of length I of D 2 and that of E 2 respectively. The 
vertices Vi of £*^^(^ 2 ) level I are given by the words of length I consisting of the symbols 
of such as 

Vi = {(/3^1 • • • /3;.,) G Bi{D2) HKS 2 )}. 

Hence the cardinal number of V) is 2^ The mapping l{= : V/+i —V) is defined by 

deleting the rightmost symbol of a word such as 

~ ^ 
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There exists an edge labeled Uj from ) € V; to ■ ■ ■ /3^,) € V;+i precisely 

if /io = j, and there exists an edge labeled Pj from {PjP/j,^ ■ ■ ■ P^ii_-P) € V; to (/3^^ • • • P^i^P) G 
The resulting labeled Bratteli diagram with t-map becomes a A-graph system over S 
which presents the Dyck shift 02- It is called the Cantor horizon A-graph system for D 2 , 
denoted by in m- Throughout the rest of this section, we denote the A-graph 

system 2PKD2) fg,. brevity. 

Let G be the finite abelian group Z 2 = {0,1} = Z/2Z of order two. We will define a 
map £ : S —)> Z 2 by 

i{ai) = l{Pi) = 1, £( 02 ) = PP 2 ) = 0. (7.2) 

Let us consider the extension A^^) of the A-graph system £(= 

£,Ch{D2)'j by the map £. The alphabet Qf £^2 x S, and = Z2 x Vi,E'^^ = 

^2 X In what follows, we will study the extension The map (pv ■ —>■ V)+i 

is given by the composition ipv = ° W of the maps 

VV : ^ V)+i, Cy : V)+i ^ V)+i 


defined below. The former r/y is defined by 




{P 2-/1 ■ ■ ■ ji) if fif = 0 , 
{Pi7i---7l) if 3 = 1 


for g £ Z 2 = {0,1}, (71 • • • 7 z) € i?z(S+). The latter ^y is defined by the successive opera¬ 
tions of the words of length two: 


PiPi —>■ P1P2, P1P2 —> PiPi 

from the leftmost of words in V)+i. We denote by PiPi = P1P2: P1P2 = PiPi- The operation 
^y acts on words of V from the leftmost successively such as 

P1P2P2P1P1P1P2P1 P1P2P2P1P1P1P2P1 = P1P1P2P1P1P1P2P1 
P1P1P2P1P1P1P2P1 = P1P1P1P1P1P1P2P1 
P1P1P1P1P1P1P2P1 = P1P1P1P2P1P1P2P1 
P1P1P1P2P1P1P2P1 = PlPlPlp2PlP2P2pl- 

We next define a map (pv '■ { 0 , 1 } x S) —> S as follows. 

/ 32 ) = PYp 0 ,Pi) = P2, <^s( 1 ,/ 32 ) = (/ 7 s(l,/?i) = Pi, 

(/?s(0,a2) = ¥?s(l,ai) = a2, ¥?s(l,a2) = (/?s(0,ai) = ai 

Lemma 7.1. There exists a bijective correspondence pE '■ -®z,/+i satisfying 

Pv{s{ep) = s(pE(ep), pv(t(ep) = t(pE(ep), = X(pE(eP}, 

for = {g, e) € = Z2 x Ei_vi- 
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Proof. Tak an arbitrary fixed ege = {g,e) € = ^2 x The edge {g,e) has 

four cases for 5 ^ = 0,1, A(e) = aj,/3j,j = 1,2 in the following way. 

Case 1: ( 5 ',A(e)) = {0,Pj),j = 1 , 2 . 

There exists 7 G Bi_2{^+) and g G i? 2 (S+) such that s(e) = fij'y G V/_i and t{e) = yr/ G 
Vi- We then have 

s(e®) = ( 0 ,s(e)) = 

t{e3) = (0 + 42(e),t(e)) = (0 + 7h) = (T7h) 


so that 


Pv{s{e^)) = </5y(0,/3j7) = = /32l3jfv{7), 

(pv{t{e^)) = Pv{j,iv) = fviPjlv) = 

Hence there exists a unique edge written (pE{e^) in such that 

s{ifEie^)) = f 32 PjCv{l), t{(pE{e^)) = PjCvilv), 

X{(pE{e^)) = h = </ 3 s(A^ 2 (e®)). 

Case 2 : ( 5 ',A(e)) = (l,/3j),j = 1 , 2 . 

There exists 7 G Hi_ 2 (S+) and g G H 2 (S+) such that s(e) = / 3 j 7 G V/_i and t(e) = 777 G 
Vj. We then have 


s(e®) = (l,'S(e)) = ( 1 ,/ 3 j 7 ), 

t(eS) = (1 +42(e),t(e)) = (1 + 77) = (1 +J,77) 


so that 


Pv{s{e^)) = <^1/(1,/ 3 j 7 ) = Cv{l 3 il 3 j-f) = / 3 i/ 3 i+jCy( 7 ), 

(/9y(t(e^)) = ipv{l+j,7g) = fviPi+jjg) = l3i+j^v{ig)- 

Hence there exists a unique edge written ipE{e^) in such that 

s{(fE{e^)) = f 3 i( 3 i+jCv{l), t{(pE{e^)) = Pi+j^viiv), 

X{(pE{e^)) = / 3 i = (f£{X^^ (e^)). 

Case 3 : (5',A(e)) = { 0 ,aj),j = 1,2. 

There exists C & Hi_i(S+) such that s(e) = C ^ Vi-i and t{e) = j 3 jC, G Vi. We then have 
s{e^) = (0,s(e)) = ( 0 ,C), 

t{e 3 ) = (0 +42(e), t(e)) = (0+ £(aj)>/ 5 iC) = {pl^jO 

so that 


Pv{s{e^)) = Pvi^X) = ivihO = / 32 ?y(C), 
Pv{t{e^)) = Pvij,/3jO = Cvil^jPjC) = l3jl32f,viC)- 
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Hence there exists a unique edge written in -^z,z+i such that 


s{ipE{e^)) = hiviC), ti^E{e^)) = Pjl32CviC), 

X{(pE{e^)) = aj = (/?s(A^^(e®)). 

Cased: {g, X{e)) = {1, aj),j = 1,2. 

There exists ( € H;_i(S+) such that s(e) = C ^ i^z-i and t{e) = j3jQ G Vi. We then have 

s(e5) = (l,s(e)) = (l,C), 

t(e®) = (1 + £z2(e),t(e)) = {1 + £{aj), (5iC) = (1 + j,/3jC) 

so that 


ipv{s{e^)) = ‘/^y(l,C) = 'Cy(^iC) = /5i?y(C), 

99y(t(e®)) = v?y(l + j,/3jC) = = /3i+j/3iCy(C)- 

Hence there exists a unique edge written ipE{e^) in such that 

s{ipE{e^)) = PiiviOi i(<y^E(e®)) = Pi+jPiiviC), 
K^E{e^)) = Oii+j = ^niX^^ie^)). 


It is routine to check that the correspondence (pE ■ i 
properties. 


satishes the desired 
□ 


Let us denote by the A-graph system ^czi(i? 2 )^ ^czi(D 2 )^ ^CZi(D 2 )^ 

tained from £^^(^ 2 ) by shifting £<^^(^ 2 ) upward in one-step. Their vertices and edge sets 
are defined by 


.rChiD2} _ .rCh{D2) j^Ch(D2) _ j^Ch{D2) j ^ ^ 

'^1,Z - '^l+l > ^1,Z,Z+1 --^Z+l,Z+2> ZG^+. 


The maps ^Ch(D 2 ) induced from iCh(D 2 ) ^ natural way, respectively. 

We know the following proposition from the above lemma. 

Proposition 7.2. The 7j2-extension (^£^^(^ 2 )^ 22 ,^ of the Cantor horizon X-graph system 
£,Ch(D 2 ) function £ defined by is isomorphic to the X-graph system 

obtained from £<^^(^ 2 ) shifting upward in one-step up to labeling. 


Let us denote by r : 1)2 —>■ ^2 the skewing function defined by r((xn)nGz) = ^(zco) 
for {Xn )n&z- By Theorem 15.61 the Z2-extension of D 2 by T is presented by the the 

Z2-extension £^^(^2)/ Qf the A-graph system £*^^(^2) hy £, The map pE '■ induces 

a factor map from the Z2-extension onto D 2 . 

2. Let A = \A{i, he an N xN matrix with entries in nonnegative integers. The 

matrix defines a hnite directed graph Qa = (Va, Ea) with vertex set VA having N vertices 
and edge set Ea = {ei,..., bna} such that the number of the edges from Vi to Vj is A{i,j) 
for i,j = 1,... ,N. The Markov-Dyck shifts are generalization of Dyck shifts, and their 
concatenating bracket rules come from the directed graph Qa (see [7] , [12] , [T6| , [25] ). We 
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will briefly review the Markov-Dyck shift for the matrix A. Let us denote by the 
Na X Na transition matrix defined by 


A^{i,j) = 


1 if t{ei) = s{ej), 
0 otherwise. 


(7.3) 


Let Sj, i = 1,..., Na be a family of partial isometries satisfying the relations 


Na Na 

Y,SjS* = l, S*S, = Y,AHhj)S,S*, i = l,...,NA. (7.4) 

i=i i=i 


They are generating family of the Cuntz-Krieger algebra Oas- We set the symbols 


a^ = S*, Pi = Si, i = l,...,NA 


and = {ai ,..., S"'' = {/3i,..., Pna}^ ^ U S"''. Let be the set of words 

7 i,..., 7 „ of S such that the product 71 • • • 7 „ in the algebra Oas is 0. The Markov-Dyck 
shift Da is defined by a subshift over S whose forbidden words are ^a- If ^ = [N] the 1 x 1 
matrix with entry N > 1. The Markov-Dyck shift Da becomes the Dyck shift D^. If A 
is irreducible and not any permutation matrix, the subshift Da is not sofic f|25]'). Since 

''' ^in 7 ^ 0 if and only if A^■ ■ ■ A^{in-iAn) 7 ^ 0 , the subset of Da consisting 
of biinfinite sequences of forms the SFT for the original matrix A. Similarly the 
subset Da consisting of biinfinite sequences of forms the SFT A^i for the transposed 
matrix A* of A. Hence the Markov-Dyck shift Da contains the two SFTs A^i and A^t as 
its subsystems. 

Let G be a hnite group. Suppose that maps £- : T,~ —> G, —> G are given, 

so that the map combined with them i : S —G is obtained. Define T£ : Da —>■ G by 
setting Ti{{'yn)n&z) = ^(to)- As in Section 3, the skewing function r£ defines a G-subshift 
D^'^^{= {GtK DA,T£^aDA))- Since both of the STTsA^iand A^t are subsystems of the 
restrictions of re to them yield their skewing functions written and T£^^ , respectively. 


G,r« 


, G,r, , 


SO that we have two G-SFTs A)(’ and A^) from the skewing functions. 

Let A' be another irreducible square matrix with entries in nonnegative integers. We 
similarly have a directed graph Qa' = {Va',Ea') and symbol sets T,'~ = {a'l ,..., 

{/3(,... U We have the Markov-Dyck shift Da' and two SFTs Ka' 

and A^/t as its subsystems. W. Krieger has shown that the following classification result 
for Markov-Dyck shifts. 


Proposition 7.3 ([T2l Corollary 3.2], cf. [7]). Let A and A' he two irreducible square 
matrices with entries in nonnegative integers. Assume that each vertex of both of their 
directed graphs Qa o,nd Qa' has at least two in-coming edges. Then the Markov-Dyck shifts 
Da and Da' are topologically conjugate if and only if the directed graphs Qa and Qa' are 
isomorphic as directed graphs. 

For matrix A', suppose that maps i'_ : T,'~ —G, i'_^_ : S'"'' —>■ G are given, so that 
the map combined with them £' : S —y G is obtained, and we have a G-subshift 

G,r, , G,r, ,, 

and two G-SFTs A^, ^ and A^,t ^ as seen in the preceding discussions. By using the 
above proposition, we see the following lemma. 
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Lemma 7.4. Assume that each vertex of both of the directed graphs Ga CLud Ga' has at 
least two in-coming edges. If there exists a topological conjugacy $ : Da — D^/ such 
that Ti is cohomologous to t^i in C{Da,G), then there exists a topological conjugacies 
$+ : —> A^/ and 4>_ : A^t —> A^/t such that on Ka is cohomologous to rp o 4*+ 
in C(Aa,G) and ti .on A^t is cohomologous to rp o 4>_ in G(Ay^t,G). 

Proof. By the preceding proposition and its proof in m Corollary 3.2], the conjugacy 
: Da —^ Da' is induced by a one-block map which gives rise to topological conjugacies 
Aa —^ A^' and A^t —A^/t of its subsystems as SFTs. They are given by restricting 
to Ayi and Aa', respectively, so that on A^ is cohomologous to o in G{Aa, G) 
and , on Ajp is cohomologous to rp o 4>_ in G{Ajp,G). □ 

A j^it 

We thus have 


Proposition 7.5. Assume that each vertex of both of the directed graphs Ga o.nd Ga' has 
at least two in-coming edges. If G-subshifts D^’^‘ and are G-conjugate, then the 

G T£ G T£ 

two G-SFTs Ajf ^ and A^, are G-conjugate, and also the two G-SFTs A^t and 

G,v 

A^,t are G-conjugate. 

Proof. The assertion follows from Theorem 15.61 □ 


Corollary 7.6. Let A be an N x N irreducible matrix with entries in nonnegative integers 
such that ^ 2 for each j = 1,..., N. Then the G-conjugacy class of G-SFT 

A^’ is an invariant of the G-conjugacy class of G-subshift D^’^^ of the Markov-Dyck 

shift Da. Hence for maps U — > G, if two G-SFTs A^ and A^ are 

not G-conjugate, then the G-subshifts and D^^^^ are not G-conjugate. 

In the remainder of this section, we will give an example of a pair of G-extensions of 
a non sofic subshift which are not G-conjugate by using Corollary 17.61 Let A = [2] the 
1x1 matrix with its entry 2. The associated directed graph G[ 2 ] = (^[ 2 ])-^^[ 2 ]) has one 
vertex v and two directed self-loops ei,e 2 around v, so that Pp] = {u},£'[ 2 ] = { 61 , 62 }. 
The subshift A^ of the directed graph is the full 2-shift A[ 2 ]. Let G = Z 2 = (0,1}. Define 
P : E\^ 2 ] —^ Z 2 for i = 1, 2 by setting 

£i(ei) = ^^(62) = 0, f{ei) = l, f{e 2 ) = t). 


We will first see that the maps TpL,Tp 2 : Apj —> Z2 defined by Tp{{xn)nez) = Pixo),i = 
1, 2 are not cohomologous to each other. Suppose that there exists a continuous function 
r] : Aj 2] —^ Z2 such that 

7^2 (x) = 7 /(x) -bT£i(x) - r/(cr[2](x)), x = (Xn)nez G A[2]. 

Take the element x = (xn)ngz G A[2] such that = ei,n G Z, so that we have Tp 2 {x) = 
t'^(xo) = ^^(61) = 1 and r£i(x) = .^^(xo) = -^^(61) = 0. Hence we have r/(x) -|- T£i(x) — 
r/((T[2](x)) = r/(x) — r/(x) = 0, a contradiction. Hence Tpi is not cohomologous to Tp. 

By Theorem 11.11 the G-SFTs and are not G-conjugate. Let us consider 
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the Markov-Dyck shift Dj^ for A = [2]. In this case, it is the Dyck shift D2. Define 
P’_ : Tj~ —y Z2 and £1^ : Z2 for i = 1, 2 by setting 

= £1(^2) = 4(/3i) = £l{f32) = 0, (7.5) 

£l{ai) = l, £Ha 2 ) = 0, 4(/3i) = 1, ilm = 0. (7.6) 

The restrictions of the skewing functions on Da to the full 2-shift A[2] are the same 

as the above skewing functions on A[2]. Since the G-SFTs and are not 

G-conjugate, Corollary 17.61 ensures us the following Proposition. 

Proposition 7.7. Let£^,£‘^ : {oi, 0:2} U {/3i,/32} —t ^2 be the map defined by (I7.5h . (I7.6h . 
and T£i,T £2 the associated skewing functions on the Dyck shift D 2 . Then the G-subshifts 
and are not G-conjugate for G = Z2. 

By the same idea as above, we have many non G-conjugate G-extensions of a Markov- 
Dyck shift from a family of non G-conjugate G-extensions of SFTs. We note that non 
G-conjugate SFTs are studied in [3] (cf. [2]). 

8 Concluding Remark 

As in m, a general A-graph system T naturally gives rise to a G*-algebra G^. The class 
of these G*-algebras is a generalized class of Cuntz-Krieger algebras Oa, which are 
associated to finite directed graphs with transition matrix A. Let T = {V, E, A, l) be a 
A-graph system over S and G be a finite group. Suppose that a map £ : S —>■ G is given. 
In this final section, we remark that there is a relationship between the two G*-algebras 
and 

Let us now briefly review the G*-algebra associated with A-graph system £. We 
denote by {v[,... the vertex set Vj. Define the structure matrices Ai^i^i, Ii,i+i of 

£ by setting for i = 1, 2 ,... , m{l), j = 1, 2,... , m{l -|- 1), a G S, 

if s(e) = v[, A(e) = a,t{e) = for some e G 77z,/+i, 
otherwise, 

if = vl, 

otherwise. 

The G*-algebra is realized as the universal unital G*-algebra generated by partial 
isometries Sa, a G S and projections E^fi = 1,2,, m{l), I G subject to the following 


Ai^i+i{i,a,j) = 
Ii,i+i{hj) = 


\ 
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operator relations called (£): 


E ^3^0 = 1. 

(8.1) 

/3gS 


m{l) m(/+l) 


^El = l, El= ^ Ii,i+^ii,j)E^+\ 

(8.2) 

i=l j=l 


II 

(8.3) 

m(/+l) 


S*ElSc.= Y, Ai+i{i,a,j)EY, 

(8.4) 


i=i 


for a € S, i = 1,2,... ,m{l), I € It is nuclear ([T9l Proposition 5.6]). Under the 
condition (I) defined in [19], the algebra can be realized as the unique C^-algebra 
subject to the relations (£) l |19l Theorem 4.3]). If T has some irreduciblity with condition 
(I), the C'*-algebra Oq is simple ([IHl Theorem 4.7], cf. [22]i. 

Suppose that a map i : ^ G is given. Let us denote by M|c'|(C) the jG] x |G| 

full matrix algebra. Let {eg^h}g,heG be the system of matrix units of M|c'|(C). We put 
eg,g € G the diagonal matrix Cg^g having 1 only at (5,5f)-component and 0 elsewhere. We 
fix the canonical generators Sa , of Oq satisfying the relations (£). We set 

^{g,a) ^g,g£{a) ® for (5, Of) € S , 

E{g,vl) = eg (8) El for (5, u') € 

It is easy to see that the following identities hold: 



(8.5) 

(ff,/3)esG 

m{l+l) 



^i9A)= ^M+i(b7)^(3J+i), 

(8.6) 

{g,vl)evG 

i=i 


Q Q* 

a)^ih,vl) = ^ih,vl)S{g,a)S*g^a)^ 

(8.7) 


m(/+l) 


^ig,a)^{g,vl}^{g,a) 

= Yj ec, 

i=i 

(8.8) 

for {g,a)GJ:^,{g,vl)eVi^,lGZ+. 




Let A^,I^ be the structure matrices of the A-graph system They are related to 
those A, I of T in the following way. For {g,vl) G Vf^, {g 'and {h,a) € 
we have 


/ z+ux _ J A,z+i(ba, j) if g = h and g'= g£{a), 


Ar,i^,{{g,vl),{h,a),{g',v^^^)) = 

I U otherwise, 

0 otherwise. 
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Hence we know that the relations (IS3I), dSSI), (IS21) and (| 8 . 8 I) become the relations 
(j8.2n . (j8.3p and (18.4p for the A-graph system It is easy to see that the extension 2,^’^ 
satisfies condition (I), if £ satisfies condition (I). We thus conclude that the C'*-algebra 
C*[S(^g a^,E(^g^i)]a € S, v\^V, g ^ G) generated by the partial isometries and the 

projections is canonically isomorphic to the C'*-algebra 

Define an action 7 of G on Oqg,£ by setting 

7h(5’(g,a)) = S(^hg,a), = E^^g^^i^ for « € S, v\&V, g,heG. 

The action 7 on Oj^c.e comes from the action of G on the G-A-graph system defined 
in Section 4. The following lemma will be used to prove Proposition 18.21 


Lemma 8.1. The automorphism 7/1 on O^G,t is outer for each h € G with h^l. 


Proof. Fix h € G with h ^ 1. Suppose that 7/1 is inner so that there exists a unitary U in 
Oqg,£ such that jh = Ad(f7). For an admissible word g = {gi,..., gn) G B^{A^g,£) where 
hi = (S'ijCKi) for some gi G G,ai & T of the presented subshift A^a,i, denote by Sg the 
partial isometry S(^g^ ai )''' S{g„,an) ^ C>£g,«. We define the G*-subalgebras , P^g.^ of 
O^G,^ by setting 


E^g,£ = G*{SgE^g^^^Sl- {g,v^i) € V^,g,uG ^.(A^g.O with \g\ = \n\), 
V^G, = G*{SgE^g^^t^S;- {g,vi) GV^,gG B^A^g,)). 


They are the G*-subalgebras of O^g.^ generated by elements of the form SgE^g ^i^S* for 
{g,vl) G V^,g,i£ G B^{A^G,i) with \g\ = \v\, and SgE(^g^^i^-^S* for {g,v’i) G V^,g G 
i?*(A£G/), respectively. The latter subalgebra (D^g/ is a maximal abelian G*-subalgebra 
of the AF-algebra Since 7 /i(T’£g,«) = T^^g.^, the unitary \J gives rise to an element 

of the normalizer N{0^g,£,'D^g,£). By [24] with the condition '^h{E^G,£) = Eg>G,£, there 
exist Nq,Iq G^ such that 


U = 


E 


a,£),( 9 ,vf)€VG 




where € C. Since US(^g^a)U* = Si^hg,a), we have 


Sihg,a)US^g,^) = Slg^^^S^ng,a)U for (<?, «) € 


(8.9) 


( 8 . 10 ) 


Take li > Nq. For a fixed {g, u|^) G V^, there exist (< 71 , ai),..., {gNo^ctNo) £ such that 


~ '^(^SAro-“iVo) ' ' ' ^{hgi,a{)^{hgi,ai) ' ' ' ^{hgMQ,aNg)- (^Al) 

We may in fact find a sequence /i, /2 ,..., /atq of labeled edges in £ such that t{fi) = s(/j+i) 
for z = 1,2,..., A^o “ 1 and t{fNo) = v\. Put 

QNo = h~^ g(-G{fNo)~^, 9No-l = 9(-G{fNo)~^ (-cifNo “ 1 )“\ 

• • •, 91 = h~^9^G{fNo)~^^G{fNo - 1 )“^ • • •^ g (/ i )“\ 
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and Q!j = icifi) for z = 1,..., N^, which satisfy the inequality (18.111) . By (I8.10p . we have 


Q* Q* TT Q Q 

'^(hgjVQ,«jVQ) ' ' ' ^{hgi,ai)'-' ^{gi,0!i) ' ' ' ‘^(5jVg,ajVg) 

_ Q* Q* Q Q TT 

~'^(^9JVo:“iVo) ' ' ' ^{hgi,ai)^{hgi,ai) ' ' ' ‘^(/iSiYg.ajVQ)^' 

By (USD, the element V.m) '''belongs to the C 

subalgebra generated by the projections {g,v\) € . Since 


* 


'^(5,i;b)'^{/i9JVo:«iVo) ' ' ' /ifll,ail'll^91.“l) ' ' ' 

~ ^(g,Vi^)^(^9Nfj,aNfj) ' ' ' ^{hgi,ai)^^igi,0!i) ' ' ' ‘^’(giVo>«iVo) 

which belongs to ^£g,« and U = Yl,(^g the unitary U belongs to the 

commutative C'*-subalgebra A^G,t, so that UE(^g^a)U* = E^^g^^y This is a contradiction, 
because E(jig Qy T/i('^(9,a)) ^^{g,a)U • CH 

By using the above lemma, we can show the following proposition. 

Proposition 8.2. Suppose that a X-graph system £ is irreducible and satisfies condition 
(I) in the sense of Then the crossed product C*-algebra O^G,t x^y G is isomorphic to 
the tensor product M\q\[C) ® 

Proof. Let {Sh \ h € G} be the standard basis of Define the unitary Uh on for 

each h € G hy Uhdk = dhk-, k € G. We set u/i = f7/i ® 1 in M^q^{C) (S' ©£. Then it is easy 
to see that 


7h(5'(g,a)) = Ad(nh)(S'(g,„)), yh{Ef^g^yy) = M{uh){Ef^gyy) 

for h, g ^ G, a ^ Tj, vl € V. By the universality of the crossed product O^c.e x.^, G, there 
exists a natural ^-homomorphism ip from x-^G onto the G*-algebra G*(0£, Uh] h G G) 
generated by and the unitaries Uh,h G G. Since £ is irreducible and satisfies condition 
(I), the G*-algebra is simple by [19]. As automorphisms yh are outer for /i 7^ 1 by 
Lemma [8.11 the crossed product O^c.e XjG is simple by [9]. Therefore the homomorphism 
ip : Oj^G/ x.y G —>■ G*(G£, Ufi] h G G) is actually isomorphic. It is then easy to verify that 
the latter G*-algebra G*{Osi,Uh',h G G) is isomorphic to the tensor product G*-algebra 
M|g|(C)® 0£. □ 

Let A be an X iV irreducible non permutation matrix with entries in nonegative 
integers. Let Qa = {Va,Ea) be the associated directed graph with vertex set Va = 
{ui,..., vn} and edge set Ea = {ei,..., cna}- Suppose that a map i : Ea —G is given. 
We define a directed graph Ga^ giving rise to the extension of the SFT A^ by the map 
I by following [21 Sectoin 2]. We set = {(5,^*) \ g G Gfi = 1,...,A^}. For each 

e G Ea from vi to Vj in Qa and g G G, draw an edge from {g,Vi) to (g£(e),Vj). We thus 
have a directed graph with vertex set 17^ ’ . It is written Qj^i, which gives rise to a G-SFT 
such that the associated A-graph system to the directed graph Ga^ is the G-extension of 
the A-graph system of the original directed graph Ga- The nonnegative matrix for the 
directed graph Ga^ is denoted by Now let be the Na x Na matrix defined by 
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(j7.3|) . and Si,..., S]\f^ a family of partial isometries satisfying the relations (17.41) . The 
partial isometries generate the Cuntz-Krieger algebra which is written Oa- Let us 
denote by {eg^h}g,heG the system of matrix units of M|(^|(C). The Cuntz-Krieger algebra 
is generated by the family of the following partial isometries 

*^( 9 ,*) ~ ^( 9 : 9 ^(ei)) ® *^0 9 ^ G, ei G Ea, i = 1,..., Na- 

We define an action 7 of G on by '^h{S[g^i)) = Sf^hg^i-^, h, g £ G,i = 1,... ,Na- As a 

corollary of Proposition 18.21 we have 

Corollary 8.3. The crossed product C*-algebra Oaqa XI 7 G is isomorphic to the tensor 
product M|g'|(C) 0 Oa- 
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